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Abstract 

O 

CN ' Given any diagram of a link, we define on the cube of Kauffman's states a 

"2-complex" whose homology is an invariant of the associated framed links, 
and such that the graded Euler characteristic reproduces the unnormalized 
Kauffman bracket. This includes a categorification of brackets skein relation. 
Then we incorporate the orientation information and get a further complex 
on the same cube that gives rise to a new invariant homology for oriented 
links, so that the graded Euler characteristic reproduces the unnormalized 
Jones polynomial in Kauffman's version. Finally we clarify the relations 
between this homology and the original Khovanov homology of oriented links, 
4h ! extending the well known relation between the associated two versions of the 

Ctf ' Jones polynomial. 
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Kauffman's derivation [2] of the Jones polynomial of an oriented link, starts 
with the brackets state sum over any diagram of the link (non oriented 
and equipped with the black-board framing) interpreted as an unnormalized 
invariant of the framed link; then modifies the brackets by forgetting the 
framing and incorporating the orientation information carried by the writhe, 
eventually obtaining the unnormalized Jones polynomial in Kauffman's ver- 
sion. 

The Khovanov homology of an oriented link [3] is obtained from a com- 
plex of graded Z-modules supported by the cube of Kauffman states of any 
non oriented diagram of the link. The orientation information is incorpo- 
rated applying some shift. The graded Euler characteristic of this homology 
reproduces the unnormalized Jones polynomial in Khovanov's version. There 
is a well known easy relation (q - -A~ 2 ) between these two versions of the 
Jones polynomial of an oriented link. 
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The aim of this paper is to adapt Khovanov's constructions and ideas 
(mostly following Bar-Natan's algebraic exposition [1]), in order to provide 
a step by step categorification of Kauffman's derivation. For any diagram 
of a link (non oriented and equipped with the black-board framing), with 
the same cube of Kauffman's states as support, we define a new "2-complex" 
whose homology is an invariant of the associated framed link. The graded 
Euler characteristic reproduces the unnormalized Kauffman bracket. This in- 
cludes a categorification of the skein relations that determines the brackets. 
Then, by forgetting the framing and incorporating the orientation informa- 
tion, we produce a further complex whose homology is a invariant of the 
oriented link, so that the graded Euler characteristic reproduces the unnor- 
malized Jones polynomial in Kauffman's version. 

Although this homology of oriented links is formally new, the respective 
constructions are so close to each other, that one expects a strict relation 
with the original Khovanov homology, extending the relation between the two 
versions of the Jones polynomial. These relations are completely clarified at 
the end of the paper. We note that existing efficient algorithms in order 
to compute Khovanov homology should be easily adapted to compute the 
homologies defined in this paper (in particular the framed link one). We 
conclude this paper showing some examples and proving that our homology 
for framed links is actually a generalization of Kauffman bracket, namely 
there exist framed links (in particular we show framed knots) with the same 
Kauffman bracket but different homology. 

Khovanov's categorification is based on Khovanovs's version of the (un- 
normalized) Jones polynomial, in particular on its writing as sum on the 
Kauffman states. The Khovanov's version of the Jones polynomial is useful 
for obtain a generalization because, from the second equation of the skein 
relations we have a power of the polynomial q + q^ 1 on each summand of the 
Jones polynomial, and is easy to find a graded abelian group whose graded 
Euler characteristic is q + g . Kauffman's version is not so good since we 
have the polynomial -A 2 - A~ 2 instead of q + q^ 1 , and is impossible to find 
a graded abelian group whose graded Euler characteristic is -A 2 - A" 2 . One 
of the problems that we had in make our construction was precisely "how to 
put the less inside the powers of A 2 + A~ 2 ". As we said, at the end of this 
paper we show the connection between the classical Khovanov homology and 
our invariant for oriented links. This result says that Khovanov homology 
generalize our construction, but this is not surprising since our idea for ob- 
tain a correct proof of the invariance was to merge the even components and 
the odd ones of the complex. 
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2 Preliminary algebraic definitions 



Definition 2.1. Given i e {0,1} we denote with i the element of {0,1} 
different from i. 

Definition 2.2. Let C be a preadditive category. 2-C*(C) is the category 
defined by the followings: 

• objects: pairs of objects of C, (Xq, X\), together with two arrows of C, 
do : Xq -> X\ e $i : X\ -> Xo, such taht <9i o<9i = and <9o 0, 9i = 0. Those 
maps are called differentials or boundary homomorphisms respectively 
of degree e 1. We'll write X = (Xo,X\,do,d\). These objects are 
said to be 2- complexes in C. 

• morphisms: pairs of morphisms of C, (/o : -Xo -»■ ¥bj /l : -^l ^i)> t na t, 
commute with the differentials: /j o <9j = <9j o /j for each i e {0, 1}. 

• identities: pairs of identities of C. 

• composizione: component whise. 

We are interested in 2-C^QrAb) and 2-C*{2-C*{QrAbf), where ^r^l6 
is the category of graded abelians groups and morphisms of graded abelian 
groups of degree 0. 

Definition 2.3. A 2-subcomplex of a 2-complex of graded abelian groups 
A = (Aq, A±, do, di) is a 2-complex A' - (A' , A[, d' , d[) such that for each 
i e {0, 1} A\ is a graded subgroup of A-i and d[ is obtained by restriction of 
di. 

Definition 2.4. Let A' = {A^A^d^d^) be a 2-subcomplex of a 2-complex 
of abelian groups A = {Ao,A\,do,di). The quotient of A modulo A' is the 
2-complex defined by A/ A' ■■- (Ao/A' ,Ai/A[,do,di) where the differentials 
are given by passing to the quotient of abelian groups. 

In the same way we can define the subobjects and the quotients in the 
case of an arbitrary abelian category, in particular for 2-C*(QrAb). 

Definition 2.5. Given two 2-coplexes in an additive category C, A - (Ao, A±, 8q, d^) 
and B = (Bo, B\, d$ , df), we define the direct sum of A and B as the 2- 
complex A © B := (A © B ,A 1 ®B 1 ,d A ® d^df © df ). 

With these notions the category of 2-complexes in an additive category 
becomes additive. If moreover C is an abelian category, we can define the 
kernels and the images of morphisms in 2-C*(C), obtaining an abelian cat- 
egory. 
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Definition 2.6. The homology of a 2-complex of graded abelian groups 
A = (Ao,Ai,do,di) is the pair of graded abelian groups (H (A), H\{A)) 
defined by: 

y ' Tmdi 

Given a morphism of 2-complexes / = (/o, fi) ■ A -> B, with A = (A$, A\,8q ,d^) 
and i? = (Bq, B\,8q ,di), this induces a map in homology for each i € {0,i} 
f* t i ■ Hi(A) -> Hi(B) obtained as a restriction to the kernels and passing at 
the quotients. 

Given i e {0, 1} we define the following functor, called i-th homology functor: 

Hi-.2-C*(grAb) — ► QrAb 



Ah 



Hi(A) 



f*,i 



Bh 



*Hi(B) 

Likewise we can define the homology functor on the category of 2-complexes 
in an arbitrary abelian category in particular for 2-C*{QrAb). 

Definition 2.7. Given a 2-complex X = (Xo,X\,do,di) we define the re- 
flexed of X: X* := (Xi, Xq, d\, do). The reflexed of a map of 2-complexes 
/ : X -> Y is the morphism /* := (/i,/o) : A* -* B*. 

Definition 2.8. Given a 2-complex of 2-complex of graded abelian groups 
A = (A ,A 1 ,d ,d 1 ), with = (df,dj) and A { = (A ifi , A i:1 ,d i:0 ,d i:1 ) for 
each i e {0,1}, the flatten of A is the 2-complex of graded abelian groups 
Fl(A) := (^o,o©Ai,i,Ao,i©^i,o,(5o,o©5 1 ,i)+(a o 1 ©9 1 ),(9o,i©ai,o)+(a°©9 1 1 )). 
Hence at the level of spaces Fl(A) = A ® A*. 

Given a morphism of 2-complexes of 2-complexes of graded abelian groups 
/ = (/ ,/i) : A - B, with A = (A ,A 1 ,d A ,df), B = (B ,B 1 ,d B ,df ), A = 
(A ifi ,A itl ,d^ ,d^), Bi = (B ifi ,B itl ,d^ ,d^) and f { = (/ i)0 ,/i,i) for each 
z € {0, 1}, we define the morphism of 2-complexes Fl(f) := (/o©/*) : i*7(.A) 
Fl{B). 

We define the flatting functor: 

Fl: 2-C*(2-C*(QrAb)) — 2-C*(QrAb) 



Ah 



Fl(A) 



F Kf) 



Bh 



Fl{B) 
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We have that for each i e {0, 1} 

FloHi = Hio Fl; 2-C*(2-C*(grAb)) ^QrAb 

Definition 2.9. Let A = (Aq, Ai, do, d\) be a 2-complex of graded abelian 
groups. The graded Euler characteristic of A is the Laurent polynomial 

Xa(A) ■■- qdimAo -gdim^4i 

Definition 2.10. Let A = (A , A l , d£, d^) and B = (B , B 1 , dfi , df ) be two 
2-complexes of graded abelian groups. The tensor product of A and B is the 
2-complex A®B := ((A <g> B ) © (A 1 ® B x ), (A Q ® B x ) © (A x ®-B ), <9^ <g><9^) © 
(c^ ® Sf ), (0 O A ® 8f ) © (8f ® O B )). 

It holds that the graded Euler characteristic of the direct sum of two 
2-complexes is the sum of the characteristics, that is 

X a{A®B) = xa{A) + xa{B) 

The characteristic of the tensor product is the product of the characteristics, 
that is 

XA (A®B) = X a(A)-xa(B) 

Theorem 2.1. Let 

be a short sequence in 2-C*(C), with C an abelian category. Then we have 
an homology exact sequence 

H (A) ^ H (B) ^ H (C) 



Ao 



H 1 {C)^ r H 1 {B)^j—H 1 {A) 

Proof. As in the classic case. □ 

So we have a version of the lemma used by Bar-Natan for proving the 
invariance of Khovanov homology for oriented links in |T] : 

Lemma 2.1. Let A be a 2-complex in an abelian category and A' a subcom- 
plex. Then 

• if A' has homology 0, then H*(A/A') ^ H*(A); 

if A/ A' has homology 0, then H*(A) S H*(A'). 

Proof. It follows from the long exact sequence induced by the short exact 
sequence 



^ A' 4 A ^ ^ ^ 



□ 



We remark that this lemma has not to be used in the category 2 - 
C*(GrAb), but in 2-C*(2-C*(QrAb)). 
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3 Costruction of the invariant 



Definition 3.1. We define the graded abelian group W as the group with 
each homogeneous component except in degree 2 end -2, where it has the 
free abelian groups W+ and W- respectively generated by w+ e W-. 

... W- W+ ... 
... -3 -2 -1 1 2 3 ... 

Definition 3.2. Given a link diagram D and a Kauffman state s of D, we 
define 

W s (D):=l W){a( S )-6( a )} 

Where D s is the splitting of D by the state s, a(s) is the number of crossings 
of D marked with A (or 0) by s, and b(s) is the number of crossings marked 
with B (or 1). 

Definition 3.3. Let D be a link diagram. For each i e {0, 1} we define the 
following graded abelian group 

((Dh == W S (D) 

s : b(s) + \s A \<i2Z+i 

where sa is the Kauffman state of D maid only by A (or only 0), and \s\, for 
a state s of D, is the number of components of the splitting of D by s. 

Definition 3.4. We define the following maps of graded abelian groups of 
degree 2 similarly to the classic m and A by replacing v+ with W- and V- 
with w+: 



Wc 


5 


m 












W- 5 


5 tl>_ 








A 






w + 5 






w+ 


W- 








W- 5 


D -UJ+ 




w + 


w+ 




w + i 




w+ 5 


















Definition 3.5. Given an edge £ : so ~* s i of a diagram D, we define the 
homomorphism of graded abelian groups of degree 

^:W i0 (D) — W S1 (D) 

likewise the classic d% ■ V SQ {D) -»■ y si (£)) using m and A instead of m and 
A 



{-2}(idw ® ■ ■ ■ ® ® midw ® ■ ■ ■ ® «^w){a(so) - K s o)} if = l s o| + 1 
{-2}(idv7 ® ■ ■ ■ ® ® Aidjy ® . . . ® zdjy){a(so) ~ K s o)} if = l s o| ~ 1 



6 



The maps defined above are of degree 0. in fact m and A are of degree 2, 
a(si) = a(so) - 1 and 6(si) = b(so) + 1, hence a(s±) - b(si) - a(so) ~ &( s o) ~ 2. 
By definition of W S (D), we obtain that the degree of is 0. 

Definition 3.6. Let D be a link diagram, together with an order of its 
crossings. Mimicking what we have done in the classic case to define the 
differentials d j : C j (D) C j+1 (D) with j e Z, for each i e {0,1} we define 
the map 

di ■■= £ (-1)% : iDh — |Dfi 

5 : |5| + |s A |e2Z+i 

The definition is well done. In fact, given an edge £ : So -»■ si, 3^ is of 
degree 0, b(si) = b(s ) + 1, hence b(si) + |s^| s 2Z 6(s ) + e 2Z + 1. 

Lemma 3.1. Lei D be a link diagram with an order of the crossings and let 
i e {0,1}. Then 

di ° di = 

Proof. It follows from the commutativity of the induced cube, such as in the 
classic case. □ 

So we can define the following 2-complexes of graded abelian groups: 

Definition 3.7. Let D be a link diagram with an enumeration of the cross- 
ings 

|D|:=(|D| 0> |l?li > * > di) 
Theorem 3.1. Let D be a link diagram. Then, using the variable A 

XA {{D))) = {-A~ 2 -A 2 ){D) 

Thus the graded Euler characteristic of {{D}) is equal to the unnormalized 
Kauffman bracket of D . 

Proof. We remember that sa is the state of D with all A. 

X a(((D))) = g dim«D)>o-gdim((D)>i 

£ qdimW s (D)- £ qdimW s (D) 

= £ (-l) b(s)+lsAl qdimW s (D) 
s of D 

= £ (-l) b{s)+lSAl A ais) - b{s) (qdimW) lsl 
s of D 

(_l)Ks)+M^a(s)-6(s)^-2 + ^2y S | 

s of D 

Given an edge £ : so -> si, we have that = fr(so) + 1 an d = \so\ ± 1- 

Each state s can be linked to with a sequence of edges whose length b(s) 

£i 

— ► . . . — y s 
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Hence the class modulo 2 of b(s) is the same as \sa\, therefore (-1) 6 ( S ) + I S - 4 I = 
(-l)K Hence 

xa({(d))) = Y, (-i)i s U a(s) - fe(s) (^ 2 + ^ 2 ) |s| 

s of D 

Y A a ( s ^ b ( s \-A~ 2 - A 2 )^ 

s of D 

= (-A- 2 -A 2 )(D) 

□ 



4 Proof of the invariance 

We denote with (( )} the application defined on the set of the link diagrams 
with an order of the crossings and values in the class of 2-complexes of 
graded abelian groups that associates to a diagram D the 2-complex ((-D)}. 
We denote with H* ■ 2-C*(QrAb) -> (QrAb) 2 the homology functor joining 
the functors Hq and H\. 

Theorem 4.1. H * o (( )) is an invariant for framed links, up to isomophism. 

The isomorphism for two different orders of crossings can be obtained 
as for the Khovanov homology for oriented links (see [1]). The invariance 
for the change of a curl with another of the same type is trivial. Following 
the proofs of the invariance for the Reidemeister moves of the second and 
third type for Khovanov homology in pQ we obtain proofs valid also for this 
version. In this section we adapt the Bar-Natan's proof about the moves of 
the second type to this case. Doing the same adaptations for the moves of 
the third type we conclude. 

We denote with i ? L(S 3 ) the set of the framed links of the 3-sphere up to 
equivalence. Thanks to the theorem, we can give the following definition: 

Definition 4.1. 

7~L^ : FL(S 3 ) — > {Pairs of graded abelian groups}/^ 

where D is a diagram of the framed link L with a fixed enumeration of the 
crossings. Given L e FL(S 3 ), i e {0, 1} and j e Z we denote with %( (L) the 
i-th component of 7i^(L), and with Hfj(L) the j-th homogeneous compo- 
nent of %f (L). Given a diagram D with an order of the crossings, we use 
T~L^(D) instead of H*(((D])) and in analogous way for the components. If 
the diagram has not a fixed order of the crossings, we use the same notation 
to indicate the item up to isomorphism. 
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Theorem 4.2. Let L be a framed link. Then the graded Euler characteristic 
ofH^(L) is equal to the Kauffman bracket of L. 

Xa(H?(L)) = {L) 

Proof. It follows from the Theorem 13.11 and from the invariance of the graded 
Euler characteristic by passing in homology. □ 

As usual we implicitly give an order on the first presented diagram and 
we consider the order induced from that one to the others. Given a diagram 
with a local behavior of the type ^)~~ , we have the following decomposition 
in direct sum for the spaces: 

((33 ■ UO) < 2 > - (0 O) • CO * OQ {-*} 

We explain the decomposition. Let s be a Kauffman state of one of the 
diagrams in the right member of the equation. We denote with sa the state 
of the diagram with all A (or 0), and we denote with s' A the state of ~j}T^ 
with all A. s corresponds to a state s' of ~j) . 

• If s is of then a(s) - a(s') - 2, b(s) - b(s'), a(s) - b(s) - a(s') - 
b(s')-2, hence the polynomial degree has to be shifted by 2. \sa\ = |s^|, 
hence b(s) + \sa\ e 2Z <=> b(s') + [s'A, it is correct not to reflex. 

• If s is oQ C then a ( s ) = a(s')-l, b(s) = b(s')-l, a(s)-b(s) = a(s')- 
b(s'), hence the polynomial degree has to not be shifted. \sa\ = |s^|±l, 
depend if the pieces of the link that we can see in the figure ~j}T^ stay 
in the same component or not, therefore b(s) + \sa\ e 2Z o b(s') + \s'A, 
it is correct not to reflex. 

• If s is of b then a(s) = a(s')-l, b(s) = b(s r )-l, a(s)-b(s) = a(s')- 
b(s'), hence the polynomial degree has not to be shifted. \sa\ = \s' A \ + 1, 
hence 6(s) + \sa\ e 2Z b(s') + \s' A \, it is correct not to reflex. 

• If s is of ~^\T_ then a(s) = a(s'), b(s) = b(s') - 2, a(s) - b(s) = a(s') - 
b(s') + 2, hence the polynomial degree has to be shifted by -2. \sa\ - 
\s'a\, hence b(s) + \sa\ e 2Z b(s') + \s' A \, it is correct not to reflex. 

We define the 2-complex of 2-complexes C such that Fl(C) = 

« - (D O • CO ■ (OOF w • DO* ^ 

,[(0,d B *),(0,m)l[(d* A ,dA*),0]) 

where the maps that compose the differentials are built summing the maps 
induced from the edges of that change the crossings in figure multi- 

plied by the sign of the edge. These maps are pieces of the differentials of 
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\(33d/> therefore taken % 6 {0, 1} we have that the i-th component of these 
goes from the component of degree i to the one of degree i, therefore if we 
reflex the codomain or the domain we obtain the respect of the degree. 
We define the 2-subcomplex of C, 

where ((^JlT ))_ is the 2-subcomplex of ((^cT^ )) obtained considering only 
the component W- of the factor of the tensor products that correspond to the 
circle in figure. The differentiale of degree is given by m restricted to the 
2-subcomplex. We can easily see that it is an isomorphism, and therefore 
that C' has homology 0. Hence the homology of C is isomorphic to the 
homology of 

§ = (O O) 9 (CjO + ' GO* < 2 >> °' i( d *A,o A *),o]) 

The map &a* ■ ((^jC )) {^} ((ZZ£T )) ^ s an isomorphism. We can define the 
map r := d*A : ((^jT^ )) -*■ (^) (^Jj and the 2-subcomplex of C/C, 

C" == ({(T(6),t) 6 (£) O) 9 CO} ' ((33) {2} ' °' V**' 8 **)) 

As in the case for oriented links, C" has null homology and we can conclude 
showing that the quotient (C/C')/C" is isomorphic to ({(^) )) , 0, 0, 0) and 
using the flatten functor and the lemma. The isomorphism can be found 
explicitly as in the classic case. 



5 Categorification of the skein relations 

We note that ((Q)) = (0,W,0,0), hence (Q) = (0,W), therefore we 
have the last equation of the skein relations of the unnormalized Kauffman 
bracket 

xA { n *iO)) = - A ~ 2 - A2 

Theorem 5.1. Let D and D' be two link diagrams. Then 

(D u D')) = ((D)) 9 (D')) 

Proof. As in the classic case before the addition of the information of the 
orientation. □ 
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So we have the second equation of the skein relation, in fact given a 
diagram D 



XA 



K(-O)) ■ -(«-0») 



= ^<« d »"(((01) 

= xa(Id)))(-a- 2 -a 2 ) 



Let D be a link diagram. We consider one of its crossings J^><^ 
the following decomposition in direct sum at the level of spaces: 




. We have 



!( 




Hence 



-KOO) - «(«X3) 



Therefore we have the first equation of the skein relations. 
5.1 Positive curls 

Now we see what happens if we follow the proof of the invariance of Khovanov 
homology for the Reidemeister moves of the first type as presented in [TJ and 
we adapt it. 

Given a diagram with a positive curl we have the following decom- 
position in direct sum for the spaces: 



By only using the skein relations we have the following result, as in the 
proposition about the Kauffman bracket to introduce Kauffman's version of 
the Jones polynomial. 



Following the proof of the invariance of Khovanov homology for the moves 
of the first type we define a 2-complex C such that Fl(C) = )} 




nr))=(-o~ nrM-i} 



XA {%* ( 



)) 



H i >.firf{-i}.*.°) 
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Now we define the 2-subcomplex 

As before m is an isomorphism and hence C' has null homology. C has the 
same homology as the quotient 

§ = («^» + {i}>o,o,o) 

Therefore using the flatten functor we obtain that 

K?C~6~~) = Fl{H*{CIC')) 

= ^(((~0~)){l}) 

having identified an graded abelian group G with the 2-complex (G, 0,0, 0), 
and hence G* = (0,G,0,0). 

«f(Tl = H *(((- -|®Z*{2}){1}) 

= H*((. .f{3}) 

= -))*{3} 

Therefore 

XA(WfClT)) = XA(Wf((- — -))*{3}) 

= -a\ a (h?(. — -)) 

Coherently with what said above. 



6 Returning to the orientations 

As in Kauffman's approach we can consider the oriented link diagrams and 
add to our construction the information about orientations. 

Definition 6.1. Let A = (Aq, Ai, do, d\) be a 2-complex, and n a natural 
number. We denote with ^4*( n ) the 2-complex obtained reflexing C n times, 
namely C*^ = C if n is even and C*( n ) = C* if n is odd. 

Definition 6.2. Given an oriented link diagram D we define the 2-complex 
of graded abelian groups 

C(D) := ((D))^ w ^{-3w(D)} 

where w(D) is the writhe number of D. 
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Theorem 6.1. H* oC up to isomophism is an invariant for oriented links. 



Proof. The operations of shift and reflex commute with the passing in homol- 
ogy. Hence for each link diagram D H*(C(D)) = {H^{{D))))^ D ^ {-3w(D)} 
(n^(D))*^ D ^{-3w(D)}. Therefore from the invariance of the writhe 
number and of Tif for the Reidemeister moves of the second and third type 
and the choice of the order of the crossings, we have the invariance of H* o C 
for the same modifications. It remain to prove the invariance for the moves 
of the first type. We consider a diagram with a positive curl . For what 
said in the previous section we have that 

Mcnr)) - (^(^r^^-nr)} 

s ((«f ( . — )r{3f T,, (-tann} 

S ((«f( ))*{3})* M - )+1) { -3.( )-3} 

= -))^ ( ~ )) {-3-(- -)} 

= H.{C(. ■)) 

As usual the proof of the invariance for the moves of the first type for the 
negative curls follows from the invariance for the positive curls and the moves 
of the second type. □ 

Definition 6.3. We denote the composition H*oC with and in the same 
way the application defined on the set of the oriented links of S 3 . 

Theorem 6.2. Let L be an oriented link. Then the graded Euler character- 
istic ofH*(L) is equal to the unnormalized Kauffman's version of the Jones 
polynomial 

XA{U*{L)) = f L 

Proof. It suffices to prove it at the level of 2-complexes. Let D be a diagram 
of L. 

X a(C(L)) = XA«lD})« wiD) H-MD)}) 

= (-A 3 )- w(D \-A 2 - A~ 2 ){D) 
- h 

□ 

Proposition 6.1. Let D be an oriented diagram, i e {0, 1} and j e 2Z + 1. 

Then 

C id (D) = 0, n i:j (D)=o 
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Proof. The second statement follows from the first one and the arbitrariness 
of* e {0, 1} and j e 2Z+1. = (©, : b(s)+ | SA | e2Z+ ^ s (D))* (w(D)) {~3w(D)} 

Let s be a state of D, W S (D) = W®\ s \{a(s) - b(s)}, where \s\ is the num- 
ber of components of the splitting of D by s, D s . By definition of W and 
of the tensor product of graded abelian groups we have that the only non 
null homogeneous components of VF®' 5 ' are the ones with index that can be 
obtained summing some copies of 2 and some copies of -2. Hence each odd 
homogeneous component of W S {D) is 0. 

Ci,j(D) = ( W s (D)) j+3w(D) 

s : b(s)+\s A \e2Z+i+w(D) 

W®' S ')j+3u>(D)-a(s)+&(s) 
s : b(s) + \s A \e21+i+w(D) 

j + 3w(D) - a(s) + b(s) =j + 3n + (D) - 3n_(L>) - n(D) + 2b(s) where n(D) 
is the number of crossings of D and n + (D) and ri-(D) are the numbers of 
positive and negative crossings of D. j + 3w(D) - a(s) + b(s) = j + 4n+(D) - 
2n_(D) + 2b(s), since j is odd this number is odd. Hence the component is 
null. □ 

Now we investigate the connections between this new invariant for ori- 
ented links, H+, and the classical Khovanov homology, %* . The first part 
of the following theorem has been suggested by the famous relation be- 
tween Khovanov's version of the Jones polynomial and the one of Kauffman: 
q = -A~ 2 . 

Theorem 6.3. Let L be an oriented link, D a diagram of L and N the 
number of components of L. Then for each i e {0,1} and j 6 2Z 

H i , j (L) = ® k€2Z+i H k '-HL) tfjeAZ 
Hi,j(L) = @ k ^ + i-H k ^{L) ifj { 4Z 

Furthermore for each i 6 {0, 1} and j e TL 

ii, ,{'■)- % k '-hL) 

ka2Z+i+n + (D)+\s A \ 

and 

• if N e 2Z + \, then n + (D) + \s A \ e 2Z + 1 and H id (L) = for each 
i e {0, 1} and j e 4Z; 

• if N e 21, then n + {D) + \s A \ e 2Z and H id (L) = for each i e {0, 1} 
and j e 4Z + 2. 
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Proof. We remind that the classical Khovanov homology is constructed start- 
ing from the graded abelian group V, that is the free abelian group gener- 
ated by the elements v+ and V- where v + has degree 1 and V- has degree 
-1. Let a ■ W -*■ V be the map of abelian groups defined by a(w+) = V-, 
a(w-) = v+. For eache n s N we have the map a® n : W® n -> V® n . We 
note that for eache j e 2Z a((W),-) = (V)_i and a 0n ((VF 0n ),) = (y 0ri )_ 1 . 

2 2 

From this we can define a map for each state s of D by applying the right 
shifts: a s : W S {D) - V S (D), where V S (D) = (<g) 0in Ds V) {6(a)}. For 
any j e 2Z + n(D) a s ((W s (D))j) = (V S (D)),, , J --, ( . )+ 6(.) ■ We note that 



6(s) - J~ a ( s ) +fc ( s ) - _2_!E±12_ For each edge £ : s -> s' of D the following 
square in the category of abelian groups (not graded) and morphisms of 
these, is commutative and the vertical arrows are isomorphisms 



)3> v»v-" 6(s )- 



W S (D) 



V S (D) 



WAD) 



VAD) 



is the map of graded abelian groups induced by the edge £ in the classical 
Khovanov homology. For each k e Z we define the isomorphism of abelian 
groups ak '■ 0s : b(s)=h W S (D) -*■ [-D] fc , where fD} k is the component in ho- 
mological degree k of the Khovanov complex of D before the shifts: = 
®s ■. b(s)=k V,(D). For any j e 2Z + n(K), fc e Z a fc ((0 s . b(s)=k W s (D))j) = 

lDj k '" LJ 2 £1 . For any k e Z we have the map (i fc = : |£|=fc(-l) ?c ^ : 
[Df - [Df +1 , and we define d k := £ ? : K | =fc (-1)^ : S : 6(a)=fc VF S (D) - 
0s' : 6(s')= fc +! Ws'(-^)- Hence for each integer k we have the following com- 
mutative square in the category of abelian groups with vertical arrows that 
are isomorphisms 



gk 



S : b(s)=k W S {D) — ^ S , ; b(s , )=k+1 WAD) 



[Df 



ID} 



k+l 
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We note that for each i e {0, 1} di = ®kt2Z+i+\s A \ d k ■ Let i e {0, 1} and j e 2Z 

Hi,j(L) = 'H( i+w (D)],j+3w(D)( D ) 

I Kerd [i+W ( D)] \ 



,im% +w(D)+1] ; i+3w(D) 

Ker<9 fc 



+w(D)+\s A \ \ 



j+3w(D)-n(D) 
2 



ke2Z+i+w(D)+\s A \ \Im<9 fe+1 I j+Zw{D) 

ke2Z+i+w(D)+\s A \ \ lmd k+1 ) 

( Ker ^ ) 

fc€2Z+i+™(D)+|s A | \Imd fc+1 ) -L- n+ (D)+2n-(D) 

fn + (D)+U A | V Im ^ fe+1 / 



fce2Z+i+n+(D)+|sA 
kt21+i+n + (D)+\s A \ 



Therefore 



ie{0,l},jeZ 

Y (-lyA* r k% fc ~ n+ ( D )~' SA ''~^ mcj,2 (L) 

fceZ,je2Z 

= £ (-l) n+(D)+|sA| (-l)^" 2j 'rk^ J '(L) 
= (-l) n+(D)+lsAl XA(^*(^))(^ 2 ) 

Hence 

/ L = (_l)n + (D) + M J L (A- 2 ) 

where / is the Kauffman's version of the Jones polynomial and J is the 
Khovanov's one. 

Let i e {0, 1}. If N e 2Z + i, the number of components of L, then for each 
k e Z, j € 2Z + i + 1 = 0. Hence 

• if iV is odd, then Jl has only odd exponents and fi hasn't exponents 
multiple of 4; 

• if N is even, then Jl has only exponents even and fi has only expo- 
nents multiple of 4. 
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Hence 

h = j l {-a- 2 ) 

-J L (A- 2 ) ifiVe2Z+l 
J L (A- 2 ) ifiVe2Z 

- X a(H*(L))(A- 2 ) ifiVe2Z + l 
X aCH*(L))(A- 2 ) iiNe2Z 

It follow that n+(D) + \sa\ is congruous modulo 2 to N. 

Now we suppose that N and n + (D) + \sa\ are odd. For each i e {0, 1} and j e 

2Z Hij(L) = ©fceaz+i+i If i e 4Z Hij(L) = e^i^-^i) = 
= ®k£2Z+i7-L l ' ^(L), because T-L l '~^(L) = for each fe. 

If TV and n + (D) + \sa\ are even, for each i 6 {0, 1} and j e 2Z Hij(L) = 
Qkeiz+iW'-HL). lijt4ZHij(L) = Qh&zhW'-Hl) = = © fe€2Z+i+ i^-i(L), 
because % 1 ~^{L) = for each /c. □ 



7 Examples 
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7.1 Homology is stronger than Kauffman bracket 

Let Kh(L) e Z[t, q, q^ 1 ] be the graded Poincare polynomial of the classi- 
cal Khovanov homology of the oriented link L: 

Kh(L) := Y, /''/' rk •;/' '(/.) 

Let FKh(L) e ^[t^t' 1 , A, A' 1 ] be the Poincare polynomial of the homology 
of the framed link L: 

FKh(L):= Y, ?A j rknfjiL) 

je{0,l},jeZ 

Since the theorem 16.31 we know how to obtain Sis{Q,l}j'6Z^^^i,i(-^) from 
Kh(L) summing some coefficients. If L is represented by the diagram D 
we also know how to obtain ~Hf(D) from T-L^{D) using the writhe number, 
and hence obtain FKh(D) from Kh(D). In particular if w(D) = Hf(D) = 

Let D[ be the classical diagram of the knot 5i (Figure [1] left) and let 
D\ be the diagram of the knot 5i obtained from D[ adding 5 positive curls 
(Figure Q] right). Let D' 2 be the classical diagram of the knot IO132 (Figure 
[2] left) and let D2 be the diagram of IO132 obtained adding 4 positive curls 
(Figure [2] right). 



(a) D[ (b) D 1 



Figure 1: 5i with two different framings 
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Since the writhe number of D[ is -5, the one of D\ is 0, w(D[) = -5 and 
w(D\) = 0. And in the same way w(D' 2 ) = -4 and w{D2) = 0. 

For each diagram D the Kauffman's version of the Jones polynomial of 
D is f D = (-A 3 )- w ^f(D), therefore 

(Di) = f Dl 

= Id[ 

= _ A 28 + A 2A _ ^20 + ^16 + ^8 

= fD' 2 

= Id 2 
= (D 2 ) 

Kh(10 132 ) 

FKh(5\) = A 28 + A 30 + t(A e + A w + A u ) + A 22 
FKh(10 132 ) = A 2 + A 10 + A 18 + A 22 + A 30 

+ t(A 2 + A 6 + 2A l0 + A 14 + A 18 + A 22 ) 

Hence we have found two framed links with the same Kauffman bracket 
and different homology. 
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